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Chapter &  Equations

The solution set for an equation is the set of all numbers which, when used in place

of the variable, make the equation a true statement. For example, the solution set for
the equation 4x* —9 =0 is [ — %] since these are the only two numbers that,
when used in place of x, turn the equation into a true statement.

In algebra, the first kind of equations you learned to solve were linear (or first-
degree) equations in one variable. Solving these equations was accomplished by ap-
plying two important properties: the addition property of equality and the multipli-
cation property of equality. These two properties were stated as follows:

—_—
ADDITION PROPERTY OF EQUALITY
For any three algebraic expressions A, B, and C
IfA=28
thend + C=B+C

In Words: Adding the same quantity to both sides of an equation will not
change the solution set.

MULTIPLICATION PROPERTY
OF EQUALITY

For any three algebraic expressions A, B, and C, with C # 0,
IfA=28
then AC = BC

In Words: Multiplying both sides of an equation by the same nonzero quan-
tity will not change the solution set,

Here is an example that shows how we use these two properties to solve a lin-
ear equation in one variable.

T

Aéi EXAMPLEj Solveforx: 5x+7 = 2x — 5.

SOLUTION
5x+7=2x—3
3x+7=-5 Add ~2x to each side
Ix=-12 Add —7 to each side -
x=—4 Multipty each side by —;’—

Notice in the last step we could just as easily have divided both sides by 3 instead of
multiplying both sides by —31‘— Division by a number and multiplication by its recipro-
cal are equivalent operations. & -
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The process of solving trigonometric equations is very similar to the process of
solving algebraic equations. With trigonometric equations, we look for values of an
angle that will make the equation into a true statement, We usually begin by sclving
for a specific trigonometric function of that angle and then use the concepts we have
developed earlier to find the angle. Here are some examples that iflustrate this pro-
cedure.

EXAMPLE 2J Solve for x: 2sinx — 1 = Q.

SOLUTION  We can solve for sin x using our methods from algebra. We then use
our knowledge of trigonometry to find x,

2sinx—1=20

2sinx=1

) 1

siny = —

2

Ml -+
Figure 1

4 From Figure 1 we can see that if we are looking for radian solutions between 0 and
150 j__ 247, then x is either @/6 or 5#/6. On the other hand, if we want depree solutions be-
g N, - tween 0° and 360°, then our solutions will E)e 30° and 150°. Without the aid of Fig-
30° \“,’“_L ure I, we would reason that, since sin x = 5 the reference angle for x is 30°. Then,

since = is a positive number and the sine function is positive in quadrants I and I, x
must be 30° or 150° (Figure 2).

Figure 2 =h ; L AT
In Degrees In Radians

Sar

T
x = 30° or x = 150° X = i or x = ?

Since the sine function is periodic with period 27 (or 360°), adding multiples of 27
(or 360°) will give us all solutions.

In Degrees i ' In Radians

x = 30° + 360°% y= :;[ + 2k

x = 150° + 360°%
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SOLVING EQUATIONS: FINDING ZERDS

We can solve the equation in Example 2 using a graphing calculator. If we define

the left side of the equation as function Y1, then the solutions of the equation will

be the x-intercepts of this function. We sometimes refer to these values as zervs.
Set your calculator to degree mode and define Y1 = 2 sin x ~ 1. Set your win-

dow variables so that

0<x=2360,scale =90; —4 =y =4, scale =1

Graph the function and use the appropriate command on your calculator to find
both zeros. From Figure 3 we see that the solutions between (0° and 360° are

x = 30° and x = 150°.

4 4
0 360 0 360
Zero Zero
X=30 Y=0 X=150 ¥=0
-4 4
Figure 3

SOLUTION  We begin by solving for sin 6.

28in6—3=0
2sin8 =3

.. 3

sin B = 2

-
| EXAMPLE Sj Solve 2 sin § — 3 = 0, if 0° = 8 < 360°.

Add 3 to‘both sides

Divide both sides by 2

Since sin 0 is between —1 and 1 for all values of 8, sin # can never be % Therefore,

there is no solution to our equation,

To justify our conclusion further,
we can graph y = 2sinx — 3. The
graph is a sine curve with amplitude 2
that has been shifted down 3 units ver-
tically. The graph is shown in Figure 4.
Since the graph does not cross the x-
axis, there is no solution to the equa-
tion 2 sinx — 3 = 0.

y=2sinxy-3

-Figure 4




Section 6.1

Solving Trigonometric Equations 283
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EXAMPLE 4) Find all degree solutions to sin (24 — 50°) =

SOLUTION  The expression 24 -~ 50° must be coterminal with 60° or 120°,
since sin 60° = V/3/2 and sin 120° = V/3/2. Therefore,

2A = 50° = 60° + 360°% or 24 — 50° = 120° + 360°%

where & is an integer. To solve each of these equations for A, we first add 50° to each
side of the equation and then divide each side by 2. Here are the steps involved in
doing so:

24 — 50° = 60° + 360°% or 2A — 50° = 120° + 360°%

24 = 110° + 360°% 24 = 170° + 360°% Add 50 to
each side
A= 110° + 360°% A= 170° + 360°%k  Divide cach
B 2 - 2 side by 2
A = 55° + 180% A= 85° + 180%

NOTE  Unless directed otherwise, let’s agree to write all degre
equations in decimal degrees, to the nearest tenth of a degree.

solutions to our

e

SOLVING EQUATIONS: FINDING INTERSECTION POINTS

We can solve the equation in Example 4 with a graphing calculator by defining the
expression on each side of the equation as a function. The solutions to the equation
will be the x-values of the points where the two graphs intersect.

Set your calculator to degree mode and define Y1 = sin (2x — 50) and
Y2 = V/3/2. Set your window variables so that

0 = x = 360, scale = 90; —2 = y = 2, scale = |

Graph both functions and use the appropriate command on your calculator to find
the coordinates of the first two intersection points. From Figure 5 we see that the
x-coordinates of these points are x = 55° and x = 85°. We can also see that the next
intersection points occur after 180° instead of 360°. Find the second pair of inter-
section points and verify that this is true.

2 . 2

360

Irtersection Inters.c'ctiox.a_. .
X=55 Y==.8660254 X=85 - Y=.8660254 J
- -2

—~2

Figure 5
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- J EXAMPLE 5] Solve 3sin @ ~ 2 =7sin0 — 1,1f 0° = 6 = 360°,

SOLUTION We can solve for sin @ by collecting all the variable terms on the left
side and all the constant terms on the right side.
Fsin@ —2="Tsin@ — 1 ,
—4sinf —2=—1 Add —7 sin 8 to each side

-4 35in g =1 Add 2 to each side
1
sing = — " Divide each side by —4

. . . 1 1
Since we have not memorized the angle whose sine is —7, we must convert —toa

decimal and use a calculator to find the reference angle.

: 6 = sin~' (0.2500) = 14.5°
mf{% ‘\\\ We find that the angle whose sine is nearest to 0.2500 is 14.5°. Therefore, the ref-
f/f/ \\. erence angle is 14.5°. Since sin 8 is negative, 8 will terminate in quadrant ItI or IV
WS 1 (Figure 6).
] Cis s In quadrant I we have In quadrant I'V we have
Y g = 180° + 14.5° f = 360° — 14.5°
Figure 6 =1945° = 345.5°

CALCULATOR NOTE Remember, because of the restricted values on your calcula-
tor, if you use the key with —0.2500, your calcufator will display approxi-
mately - 14.5°, which is not within the desired interval. The best way to proceed is j

to find the reference angle using with the positive value 0.2500. Then do the
rest of the calculations as we have here. 55

The next kind of trigonometric equation we will solve is quadratic in form. In
algebra, the two most common methods of solving guadratic equations are factoring
and applying the quadratic formula, Here is an example that reviews the factoring

method.

2"— —
EXAMPLE 6 | Solve 2x 9x = 5 for x.

SOLUTION We begin by writing the equation in standard form (0 on one side—-
decreasiig powers of the variable on the other). We then factor the left side and set

each factor equal to 0.

2 =9 =35
202 —9% —5=0 Standard form
Cx+ Dx—5y=0 Factor
Zx+1=40 or x—5=0 Set eﬁch factor to O

or x=235 Solving resulting equations

Ml)—-

The two solutions, x = —--% and x = 5, are the only two numbers that satisfy the orig-
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é EXAMPLE 7 ] Solve 2 cos®t ~ 9cost = 5,if 0 = ¢ << 27,

oft SOLUTION This equation is the equation from Example 6 with cos ¢ in place of
x. The fact that 0 < ¢ < 247 indicates we are to write our solutions in radians.
2cos’t—9cos?i =5
2cos?t—9cost—5=90 Standard form
(Zcosr+ I)cost—5y=0 Factor
2cost+1=0 or cost—5=0 Set each factor to O
— 1 - s
)4 cosr—wa or cosf=35
The first result, cost = -—éﬂ, gives us a teference angle of 6 = cos™1 (1/2) = @/3.
Since cos f is negative, r must terminate in quadrant II or III (Figure 7). Therefore,
;J t=a — /3 =2q/3 or t=a + /3 = 4n/3
The second result, cos £ = 5, has no solution. For any value of ¢, cos t must be be-
Figure 7 tween —1] and 1. It can never be 5. [
. EXAMPLE SJ Solve 2sin* @ + 2sin 8 — 1 = 0,if 0° = § < 360°
fa-
- SOLUTION The equation is already in standard form. If we try to factor the left
is side, however, we find it does not factor. We must use the quadratic formula, The
he quadratic formula states that the solutions to the equation
ax:+bx+ec=0
In will be
ng —b + Vb — dac
ng x = P
T our case, the coefficients a, b, and ¢ are
. a=2, b=2, c=—1
Using these numbers, we can solve for sin 8 as follows:
- . —22 V4 -42)(=D)
et sin@ = ) -
—2x V12
4 o
=22V wt
— .
-1+V3

2
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Using the approximation V3 = 1.7321, we arrive at the following decimal approx-

imations for sin 8:

)\ . -1+ 1.7321 . -1-1.7321
158.5° sin @ = — or sinf = —
%IK%W | sin § = 0.3661 or  sing = ~13660
We will not obtain any solutions from the second expression, sin § = - 1.3661,
since sin 0 must be between —1 and 1. For sin 8 = 0.3661, we use a caleulator to
find the angle whose sine is nearest to 0.3661. That angle is 21.5°, and it is the ref-
' erence angle for 0. Since sin @ is positive, 8 must terminate in quadrant T or IT (Fig-
Figure 8 ure 8). '_Therefore,

0=215 or 6=180°—215°=[585°

WA
1\\/3 GETTING READY FOR CLASS B
After reading through the preceding section, respond in your own words and
in complete sentences.
a. State the multiplication property of equality.
b. What is the solution set for an equation?
¢. How many solutions between 0° and 360° does the equation
2sinx — | = 0 contain?
d. Under what condition is factoring part of the process of solving an equa-
tion? :

Solve each equation for # if 0° = & << 360°. Do not use a calculator.

1. 2sind =1 2. 2cos=1
%S.ZCOSG—\/?::O 4, 2cos0+V3i=0
5.2tan@+2=0 6. V3cotg—1=0
Solve each equation for ¢ if 0 = t < 277, Give all answers as exact values in radians.
Do not use a calcutator.
® 7. 4sint— V3 =2sint 8. V3 + 5sint=3sin¢
9.2cost=6cost—m 10, Scost+ V12 =cost
11. 3sint + 5 = —2sin¢ 12, 3sint+4=4

Find all solutions in the interval 0° = 8 << 360°. Use a calculator on the last step and
write ail answers to the nearest tenth of a degree.

13. 4s5inf—-3=0 14. 4s5inf +3=0
< 15. 2cos 0~ 5=3cosf — 2 16. 4cos§ — 1 =3cosb + 4
® 17. sin® — 3 =35sind 18, sinf —4 = —2sin f
Solve for x, if 0 << x < 24r. Write your answers in exact values only.
19, (sinx — D{2sinx — 1) =0 20. (cosx — )(2cosx—1)=0
21, tanx(fanx — 1) =0 22, tanx (tanx + 1) =0
&5 23, sinx +2sinxcosx =0 24, cosx — 2sinxcosx =0

25, 2sin®x —sinx—1=0 26, 2cos*x+cosx—1=0
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Solve for 8, if 0° < 0 < 360°,
27. (2cos B+ VI(2cosf + 1) =0 28 (2sind — V2 sinf —~ 1) =0

® 29, V3tanf —~ 2sin@tanf =0 30, tan§ — 2cosftanf =0
< 31, 2cos? 6 + 1l cos @ = —5 32, 2sin?@ — 7sinf = —3

Use the quadratic formula to find all solutions in the interval 0° = 6 < 360° to the
nearest tenth of a degree.

33, 2sin08 — 2sinf—1=40 4, 2cos’f +2cos® —1=10
<5 35, cos’f +cosf—1=0 36, sin?@ —sin@ — 1 =10
37, 2sin* 0+ 1 =4sind 38, 1 —4cosf=—2cos* 8

Write expressions representing all solutions to the equations you solved in the prob-
lems below.

39, Problem 1 40, Problem 2
41. Problem 7 42. Problem 8
43. Problem 11 44. Problem 12
45, Problem 13 46, Problem 14
Find alt degree solutions to the following equations.
V3 : V3
47. cos (24 — 50°%) = S 48. sin (24 + 50°) = —
o 1 1
49, sin (3A + 30°) = Y 50, cos (3A + 309 = Y
1
51. cos (44 — 20°) = — 0y 52, sin (44 — 20°) = — 7
53, sin (54 + 15°) 1 54. cos (34 + 15%) !
. Sin = —— . COS = ——=
V2 V2

@ Use your graphing calculator to find the solutions to the equations you solved in the

problems below by graphing the function represented by the left side of the equation
and then finding its zeros. Make sure your caleulator is set to degree mode.

55, Problem 3 56. Problem 4

57, Problem 13 58. Problem 14
59, Problem 29 60. Problem 30
61, Problem 33 62. Problem 34

Use your graphing calculator to find the solutions to the equations you solved in the

* problems below by defining the left side and right side of the equation as functions

and then finding the intersection points of their graphs. Make sure your calculator is
set to degree mode.

63. Problem 1 " 64. Problem 2

65. Problem 17 66. Problem 18
.67. Problem 31 68, Problem 32
69. Problem 37 , 70. Problem 38
71, Problem 47 - 72. Problem 48

73. Problem 53 74, Problem 54
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CHAPTER 5 TEST

For Problems 1-12, see the Sqlutions Manual,

NOTE For Problems 13--18, when the equation is an identity,
13. Is an identity 14. Is an identity 15. Not an identity 16. Not an identity

the proof is given in the Solutions Manual. - S
17. Is an identity

63 56 119 120 1 3
18. I identit 19. — 20, ——— 21, —-—= , . = 4. ——=
8. Is an identity s 0 5 69 169 Vit 2 T
NOTE For Problems 25-28, other answers arc possible depending on the identity used.
V6 + V2 V6 + V2 Vi-1 .. V34
25, ———— 260 ——— 27. 28. 29. cos 9x 30, sin 90° = |
4 4 V3+1 V3-1 "

3 5—2V5 3 [10-vV10 V3 1t 1 :
3, =, - (2222 3, [10-¥0 31 dox—= 3B = 36, = ¥ 1 — 22
5 10 5 20 2 55 5V's

i
38 2xV1—x* 39 2 feos 2x — cos 10x) 40, 2 cos 45° ¢os (—30°) = -

CHAPTER 6
PROBLEM SET 6.1

T - Ll 3w
1. 30°, 150° 3. 30°, 330° 5, 133°,315° 7. w3, 273 9, -6— e 11. o 13, 48.6°, 131.4°

T 2ar 47 k T Lo

T T v 3
' : . . ° . ° e T T T [ Y i P 23, O: T T . y T
15. & 17. 228.6°, 3114 19 26 6 21, 0 4 L 3 3 2 > 6 3 |

29, 0°, 60°, 180°, 120°  31. 120°, 240° 33. 201.5°,338.5° 35, 51.8°,308.2°

27. 120°, 150°, 210°, 240°
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T

2 3
37. 17.0° 163.0°  39. 30° + 360°%, 150° + 360°% 4L, g + e, 7” +okm 43 T+ ke

45, 48.6° + 360°k, 131.4° + 360°% 47, 40° + 180°%, 190° + 180°% 49. 120°%, 40° + 120°k
51. 35° + 90°, 65° + 90°% 53. 42° + 72°k, 60° + 72°%k

For Problems 55-73, see the answer for the corresponding problem.
78, h= 162 + 7500 77, 1436ft 79, 15.7° 81, sin24 =2sinA cos A 83. cos24 =2cos?d - 1

1 1 Ve + V2
85. 75 sin 8 + M\TE cos & 87. -—4——— 89. See the Solutions Manual.

PROBLEM SET 6.2
1. 30°, 330° 3. 225°,315° 5, 45°, 135°, 225°, 315° 7. 30°, 150° 9. 307, 90°, 150°, 270°

o o . I7 37 1w 2m 4w m v 1w m 5T
11. 60°, 180°, 300 13. 2 6 15. 0, 3 3 17. 2 6" 6 C 33
. 4 ' ,
21 231 ?E 23. -} 25. 30°, 90° 27. 60°, 180° 29, 60°, 300° 31, 120°, 180° 33. 210°, 330°

35. 36.9°,48.2°, 311.8°,323.1° 37, 36.9°, 143.1°, 216.9°, 323.1° 39. 225° + 360°k, 315° + 360%

41. mlz + 2k 43. 120° + 360°k, 180° + 360°% 45. See the Solutions Manual. 47, 63.5°, 291.5°
49, 218.2°,321.8° 51, 73.0° 287.0° 53, 0.3630, 2.1351 55. 3.4492, 59756 57. 03166, 1.9917

59, 3-Vs i [ — e 3-V5 or 3- V5
6 3-5 3+V5

65. See the solution to Problem 65 in Problem Set 5.3, 67.

PROBLEM SET 6.3
T 3 97 1l
1. 30°, 60°, 210°, 240° 3. 67.5°, 157.5°, 247.5°, 337.5° 5, 60°, 180°, 300° 7. -g, "8—, ?, T

0. T n 2T  qq T2 Im ST el 180%, 75° + 180% 15, 30° + [20°F, 90° + 120°%
3 3 6’ 1° 6" 3
17. 67+ 36°%, 12° + 36%  19. 112.5°, 157.5°, 202.5°, 337.5°  21. 20°, 100°, 140°, 220°, 260°, 340°
7 Sw 13w 17w . 257 297¢ 2 St Fw 1lwm 197 297 3lor

23, 15°, 105°, 195°, 285 25, TS'TS'TS ’—_18 IETE e 3718 180 38 13 18
. 2k T kw 3w kar i 2k

L+ i A L w e T T 350 10° + 120°, S0° + 120°k, 90° + 120°
29 10 3 3 g 2" g + 2 33 5 5 120°k, 90 120°%

37, 60° + 180°, 90° + 180°k, 120° + 180°% 39. 20° + 60°k, 40° + 60°% 41. 0°, 270° 43. 180°, 270°

45. 96.8°, 173.2°, 276.8°, 353.2° 47. 27.4°,92.6°, 147.4°, 212.6°, 267.4°, 332,6°

49, 50.4°, 84.6°, 140.4°, 174.6°, 230.4°, 264.6°, 320.4°, 354.6°
1 1
51. 4.0 min and 16.9 min 53. 6 55. ry second (and every second after that) - 57, ey

For Problems 59-63, see the Solutions Manual,

- - 1
g, -2 g [3va o a-evE 15
9 6 15 4-6V7

A5




